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The electrostatic Bernoulli potential measured at the surface of a superconductor via Kelvin ca-
pacitive coupling is shown to be independent of the pairing mechanism. This contrasts with the
Bernoulli potential in the bulk where contributions due to pairing dominate close to Tc.
In 1968 Bok and Klein1 have first observed non-zero
Hall voltage in the Meissner state of a type-I supercon-
ductor. Instead of Ohmic contacts, they have used the
Kelvin capacitive coupling between the surface and the
electrodes. Similar measurements have been performed
by Brown and Morris2,3 and more recently by Chiang
and Shevchenko4,5.
Among these experiments, the highest accuracy has
been achieved by Morris and Brown3. They found a per-
fect agreement with the prediction of van Vijfeijken and
Staas6 in which the original Bernoulli potential (derived
by Bopp7 and made familiar by London8) is extended
by the fountain term of the two-fluid model. In partic-
ular, this measurement shows no traces of effects pre-
dicted later within more sophisticated thermodynamical
approaches9–11.
In this paper we show that the agreement of the two-
fluid theory with experiment is in some sense fortu-
itous. This theory has been developed for the electro-
static potential inside the superconductor but it is the
surface potential that is measured by the Kelvin method.
The surface potential is influenced by the surface dipole
which brings a step-like contribution to the electrostatic
potential12,13. With the surface dipole included, the mea-
sured surface potential agrees with the prediction of the
thermodynamic approaches.
The Hall voltage in superconductors is a difference be-
tween electrostatic potentials, ϕ, at the contacts. All
theories agree that this potential has the form of the
Bernoulli potential,
eϕ ∝ −
1
2
mv2, (1)
where v is the velocity of the condensate and m is the
mass of electrons. The point of disagreement concerns
the amplitude of this potential.
London8 assumed that the electric force balances the
inertial and Lorentz forces. The energy-conserving inte-
gral of motion then yields the Bernoulli potential,
eϕ = −
1
2
mv2. (2)
This formula applies only at zero temperature. To cover
finite temperatures, van Vijfeijken and Staas6 took into
account the fact that the normal electrons feel the electric
field. Since they stay at rest, there must be a balancing
force from the interaction with the condensate. The reac-
tion force acts on the condensate and adds to the electric
force. This picture leads to the electrostatic potential
which is proportional to the fraction of superconducting
electrons,
eϕ = −
ns
n
1
2
mv2. (3)
The formula (3) represents the level of theory before
the first successful experiment appeared. With respect
to experiments it is profitable to express the Bernoulli
potential (3) as a function of the magnetic field B. At
the surface, v = emλB, where λ =
√
m
e2nsµ
is the London
penetration depth, therefore the two-fluid potential (3)
reads
eϕ = −
1
n
B2
2µ
. (4)
Morris and Brown3 experimentally confirmed the validity
of (4) in a wide temperature range including the vicinity
of the critical temperature.
As discussed by Bok and Klein1, there is also a simple
theoretical argument supporting formula (4). In the ab-
sence of dissipation, the only force acting on the lattice
is due to the electric field, −∇ϕ. The total force per unit
area acting on a superconducting slab,
F =
left∫
right
dx en∇ϕ = enϕleft − enϕright, (5)
is proportional to the difference of the surface potentials.
Here, −en stands for the charge density of the ionic lat-
tice. In the magnetic field B, the slab with the current
density J [in A/m] feels the Lorentz force F = BJ . Us-
ing the Ampere rule, Bright − Bleft = µJ , and the mean
magnetic field, B = 1
2
(Bright + Bleft), the Lorentz force
can be expressed as the difference between the left and
right magnetic pressures,
F = BJ =
B2right
2µ
−
B2left
2µ
. (6)
1
One can see that the Lorentz force (6) agrees with (5) for
potential (4).
In spite of its internal consistency and the satisfac-
tory agreement with the experimental data of Bok and
Klein, the two-fluid theory came under suspicion when
studies9–11 based on thermodynamic relations and BCS
analyses have been accomplished. These approaches re-
sult in a potential
eϕ = −
∂ns
∂n
1
2
mv2. (7)
For the phenomenological density of condensate,
ns = n
(
1−
T 4
T 4c
)
, (8)
potential (7) reads
eϕ = −
ns
n
1
2
mv2 + 4
nn
n
∂ lnTc
∂ lnn
1
2
mv2, (9)
where nn = n − ns is the density of normal electrons.
The first term is identical to the two-fluid potential (3),
the second is the difference which we will call the ther-
modynamic correction.
Formulas (7) and (3), are very different close to Tc.
Within the BCS relations and the parabolic band ap-
proximation, one can rearrange (9) as
eϕ = −
ns
n
1
2
mv2 −
4
3
nn
n
ln
TD
Tc
1
2
mv2. (10)
Since the Debye temperature TD is much larger than the
critical temperature Tc, the second term dominates at
higher temperatures, approximately for T > 2
3
Tc.
The thermodynamic correction arises from the pairing
mechanism. According to the BCS critical temperature,
Tc ≈ TDe
−1/DV , where D is the single-spin density of
states and V is the BCS interaction parameter, the po-
tential (9) can be written as
eϕ = −
ns
n
1
2
mv2 −
nn
n
1
DV
2
3
mv2. (11)
As speculated by Rickayzen10, the Hall voltage at tem-
peratures close to Tc can offer an experimental access to
the BCS interaction V . Rickayzen expressed his surprise
that Bok and Klein1 did not observe any trace of the
thermodynamic correction at the temperature T = 4.2 K
for lead with Tc = 7.2 K. For TD = 105 K the factors in
(10) are comparable, nsn = 0.88 and
4
3
nn
n ln
TD
Tc
= 0.42.
While the measurement of Bok and Klein1 was not suf-
ficiently precise and the thermodynamic correction could
be lost in the experimental error, later measurement of
Morris and Brown3 clearly proved that the Hall voltage
is independent of temperature. They also used lead and
explored the temperature range from 4.2 to 7.0 K. At
T = 7 K the thermodynamic correction dominates the
potential, since the factors in (10) are nsn = 0.1 and
4
3
nn
n ln
TD
Tc
= 3.2. If present, the thermodynamic cor-
rection would amplify the signal thirty times. This is
far beyond the experimental error, estimated to be less
than 10%. Briefly, the thermodynamic correction turned
out to be absent. It should be mentioned that Morris and
Brown expected a non-zero thermodynamic correction in-
dicated by their less precise preliminary measurement2 at
T = 4.2 K.
One might feel that the experimental results imply that
the thermodynamic correction is an ill-defined concept.
It is, however, not the case. The electrostatic potential
given by (7) applies in the bulk. To obtain the potential
at the surface, one cannot simply extrapolate this bulk
value. At the surface there is a surface dipole which leads
to a discontinuity in the potential.12,13
The surface dipole in a metal introduces a step of sev-
eral eV’s in the electrostatic potential. In the jellium
model this step equals to the Fermi energy EF . With
the exchange and correlation energy included, the surface
dipole is reduced by half which shows the importance of
correlations. The phase transition into the superconduct-
ing state increases the correlation energy by the conden-
sation energy. The surface dipole of the superconductor
is thus slightly smaller than the dipole of the same crys-
tal in the normal state. This difference is of the order of
∆2/eEF .
When a supercurrent flows close to the surface, the
condensation energy is reduced. The surface dipole thus
slightly increases, reaching the normal state value at the
critical current. This current dependent part of the sur-
face dipole contributes to the potential observed by the
capacitive coupling1–3. Now we show that the surface
dipole cancels the thermodynamic contribution (second
term of (9)) to the Hall voltage.
In our formulation we follow Rickayzen10. The increase
of the free energy due to the current equals the kinetic
energy of the condensate,
δF = ns
1
2
mv2. (12)
The electrochemical potential, ν = EF +δνv+eϕ, is con-
stant in the whole system, therefore eϕ = −δνv. Since
ν = ∂F∂n , the velocity variation of the local chemical po-
tential is δνv =
∂
∂nδF . Accordingly, the electrostatic
potential induced by the current is given by
eϕ = −
∂
∂n
δF . (13)
With δF given by (12), from (13) one recovers (7).
The step of the electrostatic potential at the surface is
given by the Budd-Vannimenus theorem13,
eϕsurf − eϕ = n
∂
∂n
δF
n
. (14)
We note that Budd-Vannimenus theorem has been de-
rived for the surface potential of the normal metal. For-
mula (14) is a modification restricted to the potential
caused by the supercurrent.
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From (14) and the bulk potential (13) one finds the
electrostatic potential at the surface,
eϕsurf = −
ns
n
1
2
mv2. (15)
This potential is identical to the experimentally con-
firmed two-fluid potential (3). Accordingly the surface
dipole cancels exactly the thermodynamic corrections.
In conclusion, the electrostatic potential observed at
the surface of superconductors is determined by the mag-
netic pressure. The only material parameter accessible by
its measurement is the charge density of the ionic lattice.
In the bulk, the electrostatic potential depends also on
the pairing mechanism.
Since the thermodynamic corrections cannot be mea-
sured on the surface, it is desirable to observe the internal
electric field directly in the bulk of a superconductor. A
new experiment in this direction has been reported by
Kumagai et al14 who have measured the effect of charge
density deviations on the nuclear quadrupole resonance.
It is not obvious how the surface potential works in
layered structures of high-Tc materials. A measurement
of the Hall voltage on these materials, however, involves
enormous technical difficulties.15
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